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Abstract
The Chern-Simons (CS) form evolved from an obstruction in mathematics into an im-
portant object in theoretical physics. In fact, the presence of CS terms in physics is more
common than one may think: they seem to play an important role in high Tc supercon-
ductivity and in recently discovered topological insulators. In classical physics, the minimal
coupling in electromagnetism and to the action for a mechanical system in Hamiltonian form
are examples of CS functionals. CS forms are also the natural generalization of the mini-
mal coupling between the electromagnetic field and a point charge when the source is not
point-like but an extended fundamental object, a membrane. They are found in relation
with anomalies in quantum field theories, and as Lagrangians for gauge fields, including
gravity and supergravity. A cursory review of the role of CS forms in gravitation theories is
presented at an introductory level.
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1 Introduction
The discovery of CS forms in mathematics was like a geographical discovery: A frustrated effort
to find a particular formula led to the discovery of an unexpected obstruction, a “boundary
term”, an object that could be locally written as a total derivative, but not globally. In their
foundational paper, Shiin-Shen Chern and James Simons describe their discovery as follows [1]:
This work [...] grew out of an attempt to derive a purely combinatorial formula for the first
Pontrjagin number [...]. This process got stuck by the emergence of a boundary term which did
not yield to a simple combinatorial analysis. The boundary term seemed interesting in its own
right and it and its generalization are the subject of this paper.
Four decades after [1], CS forms have opened new areas of study in mathematics and several
excellent books aimed at their many applications in physics have been written [2, 3]. These
notes are no substitute for them. Our purpose here is to merely collect a few useful observations
that could help understand the role of CS forms in physics and the reason for their usefulness.
In this spirit, these notes should not be taken as an exhaustive discussion of all the relevant
aspects of Chern-Simons forms in gravitation. This is an elementary introduction, discussing
a selection of topics related to gravity, that is expected to be self-contained and pedagogical.
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There is an abundant literature describing solutions and other applications of CS gravities, like
[4, 5, 6]. Here, the emphasis is on the construction of the action principles, and in the geometric
features that make CS forms particularly suited for the physics of geometric systems.
These notes are based on several lectures given at schools over the past decade, and they
will hopefully become part of a forthcoming book on the same subject.
Road map
This first section is devoted to describe CS forms and why they are useful –and widely
used– in physics both as actions for gauge theories and as couplings to sources, including the
standard interaction between the electromagnetic field and a point charge. In (1.3), the gauge
invariance of gravity is reviewed, emphasizing the distinction between coordinate transformations
–trivial relabelling of clocks and measuring sticks– and the true gauge symmetry: local Lorentz
invariance.
Section 2 describes the basic ingredients of gravity in the first order formalism, while section
3 takes those fields as building blocks to produce a huge family of gauge invariant gravitational
actions beyond the modest Einstein-Hilbert form. This over-abundance of theories is trimmed
in section 4 by imposing a disciplinary condition: the arbitrary coefficients in the Lagrangian are
chosen in such a way that the gauge symmetry becomes enlarged. This leads in odd dimensions
to an almost unique choice of gauge theories with SO(D, 1) (de Sitter), SO(D − 1, 2) (anti-de
Sitter), or ISO(D − 1, 1) (Poincare´), symmetry groups.
Section 5 deals with the role of CS forms as couplings to sources, as they naturally serve
to introduce interactions between the spacetime geometry and topological structures such as
angular defects (naked point like singularities, or zero-branes), or extended localized sources
such as 2p-branes.
Section 6 summarizes how the construction is naturally extended to supergravity theories
by enlarging the gauge group to a supergroup. The fields now become components of a con-
nection in a superalgebra, thus producing locally supersymmetric theories coupled to gravity
as gauge theories. Again, the structure that makes possible this action is the CS form for the
corresponding (super) connection, a construction that is only possible in odd dimensions.
1.1 Why Chern-Simons forms?
The key feature of CS forms that makes them useful in physics stems from the fact that they are
quasi-invariant under gauge transformations: IfA is the Yang-Mills vector potential (connection)
for a nonabelian gauge field theory, under a gauge transformation
Aµ(x)→ A′µ(x) = g−1(x)[Aµ(x) + d]g(x), (1)
where g(x) is a group element that can be continuously deformed to the identity everywhere,
then a CS form C(A) transforms as
C(A′) = C(A) + dΩ. (2)
In other words, even if the group is nonabelian, the CS form transforms as an abelian connection.
There are two instances in classical physics where a function that changes by a total derivative
–like an abelian gauge field–, appear to have nontrivial consequences:
• In the coupling between the electromagnetic vector potential Aµ and a current made up
of point charges, and
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• In the transformation of a Lagrangian under a symmetry transformation.
In fact, these two are not completely independent situations. The existence of a symmetry
gives rise through Noether’s theorem to a conserved current; this current in turn couples to the
dynamical variables as a source for the classical equations. This interplay can be verified in the
case of the gauge invariance of Maxwell’s equations and the conserved Noether current made up
of point electric charges.
The lesson one draws from this is that if a p-form C changes by a total derivative under a
group of transformations (G) then C is a good candidate for a gauge invariant Lagrangian, and
for something that couples to a gauge invariant source defined by a conserved current. Indeed,
if one couples C to a G-invariant current j, through the form
I =
∫
C ∧ ∗j, (3)
then, under G, I changes as
δI =
∫
M
δ(C) ∧ ∗j =
∫
M
(dΩ) ∧ ∗j =
∫
M
d(Ω ∧ ∗j) + (−1)p
∫
M
Ω ∧ d ∗ j. (4)
where Ω is an arbitrary (p− 1)-form. The first term in the right hand side can be turned into a
a surface integral on ∂M that can be dropped for sufficiently localized Ω and/or j. The critical
term is the last one, which vanishes for any generic Ω if and only if d ∗ j = 0. Hence, the
“minimal coupling” (3) is G-invariant provided the source to which C couples is conserved.
The reader might have guessed by now that C will be a CS form, and d ∗ j = 0 will be the
conservation law associated to the sources.
1.2 Constructing CS forms
A CS form is defined by two ingredients: a symmetry group G in a certain representation,
and an odd-dimensional manifold M over which one can define functions and fields, that is, a
differentiable manifold. The fundamental object in a gauge theory is the gauge connection, a
generalization of the abelian vector potential, A = Aµdx
µ, a matrix-valued field one-form,1
A = Aµdx
µ (5)
= AaµKadx
µ,
where Ka, a = 1, 2, ..., N are generators of the gauge group G. The connection is defined to
transform in the adjoint representation of the gauge group. If g(x) = exp[αa(x)Ka] is an element
of the group, it acts on the connection as
A
g−→ A′ = gAg−1 + gd(g−1). (6)
This transformation law is defined by the need to set up a covariant derivative, D = d−A, that
generalizes ∂µ − iAµ in electrodynamics, or ∇µ = ∂µ + Γµ in Riemannian geometry.
The connection is gauge-dependent and therefore not directly measurable. However, the
curvature (field strength) F = dA+A ∧A, transforms homogeneously,
F
g−→ F′ = gFg−1, (7)
1In what follows, differential forms will be used throughout unless otherwise indicated. We follow the notation
and conventions of [7].
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and, like ~E and ~B, has directly observable local features. For example, the 2k-form
Tr(Fk), (8)
is invariant under (7) by construction and therefore observable. Invariants of this kind (or
more generally, the trace of any polynomial in F), like the Euler or the Pontryagin forms, are
called characteristic classes, which capture the topological nature of the mapping between the
spacetime manifold and the gauge group, A : M 7→ G.
Let’s denote by P2k(F) = 〈Fk〉 one of those invariants, where 〈· · · 〉 stands for a symmetric,
multilinear operation in the Lie algebra, a generalized trace in the algebra. In order to fix ideas,
one can take it to be the ordinary trace, but some Lie algebras could have more than one way
to define “Tr” (the algebra of rotations, for example, has two). Then, P2k satisfies the following
conditions [2]:
i. It is a polynomial in the curvature F associated to a gauge connection A.
ii. It is invariant under gauge transformations (6) and (7).
iii. It is closed, dP2k = 0.
iv. It can be locally expressed as the derivative of a (2k − 1)-form, P2k = dC2k−1.
v. Its integral over a 2k-dimensional compact, orientable manifold without boundary, is a
topological invariant,
∫
M P2k = c2k(M) ∈ Z.
Condition (ii) is satisfied by virtue of the cyclic property of the product of curvature 2-
forms. Condition (iii) is a consequence of the Bianchi identity which states that the covariant
derivative (in the connection A) of the curvature F vanishes identically, DF = dF+ [A,F] ≡ 0.
Condition (iv) follows from (iii) as a direct consequence of Poincare´’s lemma: If dφ = 0 then
φ = d(something). Finally, (v) means that, although P2k looks like an exact form in a local
chart, globally it is not.
The CS forms C2n−1 identified in [1] are given by the trace of some polynomial in A and dA
that cannot be written as local functions involving only the curvature F. This makes the CS
forms rather cumbersome to write, but its exact expression in not needed in order to establish
its most important property, as stated in the following
Lemma: Under a gauge transformation (6), C2n−1 changes by a locally exact form (a total
derivative in a coordinate patch).
Proof: The homogeneous polynomial P2k is invariant under gauge transformations (this is
easily seen from the transformation (7) if P2k = Tr[F
k], due to the cyclic property of the trace).
Performing a gauge transformation on (iv), gives
δgaugeP2k = d(δgaugeC2k−1), (9)
and since P2k is invariant, one concludes that the right hand side must vanish as well,
d(δgaugeC2k−1 = 0). (10)
By Poincare´’s lemma, this last equation implies that the gauge variation of C2k−1 can be written
locally as an exact form,
δgaugeC2k−1 = dΩ.  (11)
This is a nontrivial result: although the nonabelian connection A transforms inhomoge-
neously, as in (6), the CS form transforms in the same way as an abelian connection. This
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is sufficient to ensure that a CS (2n − 1)-form defines gauge invariant action in a (2n − 1)-
dimensional manifold,
δgaugeI[A] =
∫
M2n−1
δgaugeC2n−1 =
∫
M2n−1
dΩ, (12)
which vanishes for an appropriate set of boundary conditions.
CS actions are exceptional in physics because, unlike for most theories, such as Maxwell or
Yang-Mills, they do not require a metric structure. The gauge invariance of the action does not
depend on the shape of the manifold M2n−1; a metric structure may not even be defined on
it. This is a welcome feature in a gravitation theory in which the geometry is dynamical. A
particular consequence of this is that in CS gravity theories, the metric is a derived (composite)
object and not a fundamental field to be quantized. This in turn implies that concepts such
as the energy-momentum tensor and the inertial mass must be regarded as phenomenological
constructs of classical or semi-classical nature, an emerging phenomenon.
1.3 The gauge invariance of gravity
In order to see how CS forms can enter in gravity, we must identify what is the gauge invariance
associated to the gravitational interaction.
1.3.1 Coordinate transformations
It is often stated that the fundamental symmetry of gravitation theory is the group of general
coordinate transformations, the diffeomorphism group, as is usually called. These transforma-
tions, however, are not a useful symmetry and much less are they a unique feature of gravity.
Indeed, any action, for any physical system whatsoever, is coordinate invariant. Therefore, all
meaningful statements derived from an action principle must be coordinate invariant. In fact,
all well defined physical theories must be invariant under general changes of coordinates.
It is a triviality that an objective situation cannot depend on the coordinates we humans
employ to describe them. The representation may of course change, but the phenomenon itself
cannot. This is explicitly recognized in Lagrangian mechanics, where the choice of coordinates
is left completely free. In other words, general coordinate transformations are not a distinctive
symmetry of gravity, it is the invariance of the laws of Nature under the changes of human’s
forms of describing them.
Coordinates are introduced for the convenience of physicists when solving equations, but
they are not a feature of the physical system. We experience this every time we write or
Maxwell’s equations or the Schro¨dinger operator in spherical coordinates, in order to render
more transparent the presence of boundaries or sources with spherical symmetry. Here the
coordinates are adapted to the symmetry of the physical situation, but that does not imply that
coordinates could not be chosen otherwise. There is nothing sacred about coordinates beyond
convenience.
Diffeomorphisms can be conceived as the result of gauging the translation group, roughly
described as local translations,
xµ → x′µ = xµ + ξµ(x). (13)
These are gauge-like transformations in the sense that ξµ is an arbitrary function of x, but here
the analogy with with gauge transformations stops. Under coordinate transformations, a vector
5
transforms as
v′µ(x′) = Lµν (x)v
ν(x), where Lµν (x) =
∂x′µ
∂xν
= δµν +
∂ξµ
∂xν
. (14)
In a gauge transformation the argument of the left hand side would be x and not x′, which,
according to the interpretation of (13) as a translation, corresponds to a different point. One
could try to write (14) in a form similar to a gauge transformation,
v′µ(x) = Lµν (x)v
ν(x)− ξλ(x)∂λvµ(x)
= vµ(x) +
∂ξµ
∂xν
vν(x)− ξλ(x)∂λvµ(x) (15)
The first two terms on the right of this last expression correspond to the way a vector
representation transforms under the action of a gauge group in a fibre bundle. The last term,
however, represents the drift, produced by the fact that the translation actually shifts the point in
the manifold. This type of term is not present in a gauge transformation of the type discussed
above, which means that the diffeomorphism group does not act as a local symmetry in a
standard gauge theory, like Yang-Mills.
A standard fibre bundle is locally a direct product of a base manifold and a group, each fibre
being a copy of the group orbit. In the case of diffeomorphism group, the fibres lie along the base.
Therefore this structure is not locally a product and the group of coordinate transformations on
a manifold do not define a fibre bundle structure. Basically, the problem is that the translation
group does not take a field at a given point into a different field at the same point, but changes
the arguments of the fields, which is something gauge transformations never do, as can be seen
in (1).
Apart from the obvious fact that the group of translations is a rather trivial group, whose
gauging could hardly describe the richness of gravity, it is apparent that the translation sym-
metry is violated by the curvature of spacetime itself. This wouldn’t happen in a genuine gauge
theory –gauge invariance is respected by all solutions of Maxwell’s equations, and by all conceiv-
able off-shell fields in quantum mechanics. This is a key feature that makes gauge symmetries
extremely useful in the quantum description: the invariance is inherent to the field representation
and is not spoiled by dynamics, be it classical or quantum.
The generators of diffeomorphisms Hµ form an algebra whose Poisson brackets are
[H⊥(x),H⊥(y)] = gij(x)δ(x, y),iHj(y)− gij(y)δ(y, x),iHj(x)
[Hi(x),Hj(y)] = δ(x, y),iHj(y)− δ(x, y),j Hi(y)
[H⊥(x),Hi(y)] = δ(x, y),iH⊥(y).
, (16)
Note that this algebra is defined by a set of structure functions rather structure constants,
as in ordinary Lie algebras. This type of structure is not a Lie algebra, but an open algebra
[8], and what is a more serious concern, in gravity, the structure functions involve the metric
of the manifold, which is itself a dynamical variable. This would represent a major drawback
in a quantum theory, as the nature of the symmetry would be determined at every point of
the manifold by the local geometry, which is itself a function of the observable operators of the
theory.
1.3.2 Lorentz transformations
In 1907, Einstein observed that the effect of gravity can be neutralized by free fall. In a freely
falling laboratory, the effect of gravity can be eliminated. This trick is a local one: the lab has
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to be small enough and the time span of the experiments must be short enough. Under these
conditions, the experiments will be indistinguishable from those performed in absence of gravity,
and the laws of physics that will be reflected by the experiments will be those valid in Minkowski
space. This means that, in a local neighbourhood, spacetime possesses Lorentz invariance. In
order to make manifest this invariance, it is necessary to perform an appropriate coordinate
transformation to a particular reference system, viz., a freely falling one. Conversely, Einstein
argued that in the absence of gravity, the gravitational field could be mocked by applying an
acceleration to the laboratory. This idea is known as the principle of equivalence meaning that,
in a small spacetime region, gravitation and acceleration are equivalent effects.
A freely falling observer defines a local inertial system. For a small enough region around him
or her, the trajectories of projectiles (freely falling as well) are straight lines and the discrepancies
with Euclidean geometry are negligible. Particle collisions mediated by short range forces, such
as those between billiard balls, molecules or subnuclear particles, satisfy the conservation laws
of energy and momentum that are valid in special relativity.
The Equivalence Principle states that, in the presence of gravity, physical phenomena in a
small vicinity (in space and time) of a freely falling observer cannot be distinguished from those
in an inertial frame and in the absence of gravity. The fact that inertial observers moving at
constant velocity with respect to each other would have the same physical laws, means that
physical phenomena in a small neighbourhood of any spacetime point should be invariant under
Lorentz transformations. Since these Lorentz transformations can act independently at each
point indicates that the true gauge invariance of gravity is local Lorentz symmetry. Hence,
Einstein’s observation that the principle of equivalence is a central feature of general relativity,
and this makes gravitation a gauge theory for the group SO(3, 1), the first nonabelian gauge
theory ever proposed [9].
Note that the Lorentz group can act independently at each point, unlike the translations
which is a symmetry only in maximally symmetric spacetimes. The invariance of gravitation
theory under SO(3, 1) is a minimal requirement, the complete group of invariance could be
larger, G ⊇ SO(3, 1). Natural options are the de Sitter (SO(4, 1)), anti-de Sitter (SO(3, 2)),
conformal (SO(4, 2)) and Poincare´ ISO(3, 1)) groups, or some of their supersymmetric exten-
sions. The SO(3, 1) symmetry can also be seen as a remnant of a dimensional reduction from
higher dimensions with a larger group like SO(m,n), or even a supergroup from a fundamental
higher-dimensional theory.
2 Action principle
In order to implement this symmetry in an action principle, it is necessary to describe the
spacetime geometry in terms of fields that correspond to some nontrivial representation of
SO(D − 1, 1), where from now on, D denotes the spacetime dimension. This is most effec-
tively done if the metric and affine features of the geometry are treated independently, which is
obtained in an intuitively simple way introducing the notion of tangent space. This approach is
known as the first-order formalism because it produces first order field equations for gravity.
The first order formalism uses the exterior calculus of differential forms. It is sometimes
held that the advantage of using differential forms is the compactness of the expressions as
compared with the standard tensor calculus in coordinate bases [14]. Although this is certainly
an advantage, it is also true that coordinates are still necessary in order to solve the Einstein’s
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equations, so the advantage would be for the elegance in the formulation of the theory at best.
The profound advantage of the first order formalism, however, is in the decoupling between
the gauge symmetry of gravity (local Lorentz invariance) and the particular configurations of
the spacetime geometry. It is the fact that the symmetry generators form a Lie algebra –with
structure constants–, and not an open algebra like (16), with structure functions that depend
on the dynamical variables of the theory, that makes the first order formalism interesting and
attractive.
2.1 First order formalism
As discussed in the Appendix, the spacetime geometry can be captured by two fundamental
fields, the vielbein eaµ(x) characterizing the metric structure, an the Lorentz connection, ω
a
bµ(x),
that codifies the affine features.2 Until further notice, these two fields are totally arbitrary and
independent. The metric is a derived expression and not a fundamental field to be varied in the
action given in (101).
It can be observed that both the vielbein and the Lorentz connection appear as local 1-forms.
ea ≡ eaµ(x)dxµ and ωab ≡ ωabµ(x)dxµ. (17)
Moreover, all geometric properties of M can be obtained from these two 1-forms and their
exterior derivatives only. Since both ea and ωab carry only Lorentz indices but no coordinate
indices (µ, ν, etc.), these 1-forms, like all exterior forms, are invariant under coordinate trans-
formations of M . This is why a description of the geometry that only uses these forms and their
exterior derivatives, is naturally coordinate-free and trivially coordinate invariant.
In this formalism the spacetime tensors are replaced by tangent space tensors. In particular,
the curvature is a Lorentz tensor,
Rab = dω
a
b + ω
a
c ∧ ωcb
=
1
2
Rabµνdx
µ ∧ dxν . (18)
This tensor 2-form measures how much a vector in the tangent space rotates when parallel-
transported around an infinitesimal loop of area dxµ ∧ dxν . In a space of vanishing torsion, this
curvature two-form is related to the Riemann tensor, Rabµν = e
a
αe
b
βR
αβ
µν .
2.2 Building blocks
The fact that ωab and the gauge potential A
a
b = A
a
bµdx
µ in Yang-Mills theory, are both 1-forms
and have similar properties was noted long ago [12]. They are both connections of a gauge group,
their transformation laws have the same form and the curvature (18) and F ab = dA
a
b+A
a
c ∧Acb
are completely analogous.3
There is an asymmetry with respect to the vielbein, though. Its transformation properties
under the Lorentz group is not that of a connection but of a vector, and the corresponding
field in an arbitrary gauge theory would be a matter field. Another important geometric object
2This section is a free interpretation of the ideas the author learned from lectures by B. Zumino [10] and T.
Regge [11], who in turn elaborated on earlier work by R. Utiyama [12] and T. W. Kibble [13].
3In more formal terms, ω and A are locally defined Lie algebra valued 1-forms on M , ω in the principal
SO(D − 1, 1)-bundle, and A in the vector bundle of the group G, respectively.
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obtained from derivatives of ea is the Torsion 2-form, T a = dea+ωab ∧ eb, which is a function of
both e and ω, while Rab is not a covariant derivative of anything and a function of ω only.
Thus, the basic building blocks of first order gravity are ea, ωab, R
a
b, T
a. There are no
more building blocks, and with them we must put together an action. We are interested in
objects that transform in a controlled way under Lorentz rotations (vectors, tensors, spinors,
etc.). The existence of Bianchi identities implies that differentiating these fields, the only tensors
that can be produced are combinations of the same objects. In the next sections we discuss the
construction of the possible actions for gravity using these ingredients.
3 Gravity actions
We now turn to the construction of a gravity action. We expect it to be a local functional
of the one-forms ea, ωab and their exterior derivatives. In addition, the two invariant tensors
of the Lorentz group, ηab, and ǫa1····aD can be used to raise, lower and contract indices. We
need not worry about invariance under general coordinate transformations as exterior forms are
coordinate invariant by construction.
The use of only exterior products of forms excludes the metric, its inverse and the Hodge
⋆-dual (see [10] and [11] for more on this). This postulate also excludes tensors like the Ricci
tensor4 Rµν = E
λ
a ηbce
c
µR
ab
λν , or RαβRµνR
αµβν , except in very special combinations like the
Gauss-Bonnet form, that can be expressed as exterior products of forms.
The action principle cannot depend on the choice of basis in the tangent space and hence
Lorentz invariance should be ensured. A sufficient condition to have Lorentz invariant field equa-
tions is to demand the Lagrangian itself to be Lorentz invariant, but this is not really necessary.
Allowing for the Lagrangian to be quasi-invariant so that it changes by a total derivative –and
the action changes by a boundary term–, still gives rise to covariant field equations in the bulk.
3.1 Lorentz invariant Lagrangians
Let us consider first Lorentz invariant Lagrangians. By inspection, one concludes that it must
be a D-form consisting of linear combinations of products of ea, Rab, T
a, contracted with ηab
and ǫa1···aD , and no ω [16],
P2k =: Ra1a2Ra2a3 · · ·Raka1 (19)
υk =: ea1R
a1
a2R
a2
a3 · · ·Rak beb, odd k (20)
τk =: Ta1R
a1
a2R
a2
a3 · · ·Rak bT b, even k (21)
ζk =: ea1R
a1
a2R
a2
a3 · · ·Rak bT b (22)
ED =: ǫa1a2···aDRa1a2Ra3a4 · · ·RaD−1aD , even D (23)
Lp =: ǫa1a2···aDR
a1a2Ra3a4 · · ·Ra2p−1a2pea2p+1 · · · eaD . (24)
Of these, P2k is the Pontryagin form and E2nis the Euler form. Their integrals are topological
invariants in 4k and 2n dimensions, respectively. If integrated on compact manifolds without
boundary,
Ωn
∫
M2n
E2n ∈ Z, Ω˜k
∫
M4k
P4k ∈ Z. (25)
4Here Eλa is the inverse vielbein, E
λ
a e
b
λ = δ
a
b .
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Thus, in every even dimension D = 2n there is a topological invariant of the Euler family. If
the dimension is a multiple of four, there are invariants of the Pontryagin family as well, of the
form
PD = P2k1P2k2 · · · P2kr , (26)
where 4(k1+k2+ · · ·+kr) = D. While there is only one Euler density, the number of Pontryagin
invariants grows with the number of partition of the number D/4.
3.1.1 Lovelock theory
If torsion is set to zero, the invariants τk, ζk clearly vanish, but also υk must vanish, since the
contraction Rabe
b it equals the covariant derivative of the torsion. Hence, we are led to the
following
Theorem [Lovelock, 1970 [17] and Zumino, 1986 [10]]: In the absence of torsion, the most
general action for gravity I[e, ω] invariant, under Lorentz transformations that does not involve
explicitly the metric, is of the form
ID[e, ω] = κ
∫
M
[D/2]∑
p=0
apL
D
p (27)
where ap are arbitrary constants, and L
D
p is given by
LDp = ǫa1···aDR
a1a2 · · ·Ra2p−1a2pea2p+1 · · · eaD .  (28)
The Lovelock series is an arbitrary linear combination where each term LDp is the continua-
tion to dimension D of all the lower-dimensional Euler forms. In even dimensions, the last term
in the series is the Euler form of the corresponding dimension, LDD/2 = ED. Let us examine a
few examples.
• D = 2: The Lovelock Lagrangian reduces to 2 terms, the 2-dimensional Euler form and
the spacetime volume (area),
I2 = κ
∫
M
ǫab[a1R
ab + a0e
aeb]
= κ
∫
M
√
|g| (a1R+ 2a0) d2x (29)
= κa1 · E2 + 2κa0 · V2.
This action has as a local extremum for V2 = 0, which reflects the fact that, unless matter is
included, I2 does not make a very interesting dynamical theory for the geometry. If the manifold
M has Euclidean metric and a prescribed boundary, the first term picks up a boundary term and
the action is extremized by a minimal surface, like a soap bubble, the famous Plateau problem.
• D = 3 and D = 4: The action reduces to the Hilbert action plus a volume term, the
cosmological constant. In four dimensions, the action admits, in addition, the four dimensional
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Euler invariant E4,
I4 = κ
∫
M
ǫabcd
[
a2R
abRcd + a1R
abeced + a0e
aebeced
]
= −κ
∫
M
√
|g|
[
a2
(
RαβγδRαβγδ − 4RαβRαβ +R2
)
+ 2a1R+ 24a0
]
d4x
= −κa2 · E4 − 2a1
∫
M
√
|g|Rd4x− 24κa0 · V4. (30)
• D = 5: The Euler form E4, also known as the Gauss-Bonnet density, provides the first
nontrivial generalization of Einstein gravity occurring in five dimensions,
ǫabcdeR
abRcdee=
√
|g|
[
RαβγδRαβγδ − 4RαβRαβ +R2
]
d5x. (31)
The fact that this term could be added to the Einstein-Hilbert action in five dimensions
seems to have been known for many years. This is commonly attributed to Lanczos [18], but
the original source is unclear.
3.1.2 Dynamical content of Lovelock theory
The Lovelock theory is the natural generalization of GR when the spacetime dimension is greater
than four. In the absence of torsion this theory generically describes the sameD(D−3)/2 degrees
of freedom as the Einstein-Hilbert theory [19]. The action (27) has been identified as describing
the only ghost-free5 effective theory for a spin two field, generated from string theory at low
energy [20, 10]. The unexpected and nontrivial absence of ghosts seems to reflect the fact that
in the absence of torsion, the Lovelock action yields at most second order field equations for the
metric, so that the propagators behave as k−2, and not as k−2 + k−4, as would be the case in
a generic higher derivative theory, involving arbitrary combinations and higher powers of the
curvature tensor.
Extremizing the action (27) with respect to ea and ωab, yields
δID =
∫
[δeaEa + δωabEab] = 0, (32)
modulo surface terms. The condition for ID to have an extremum to first order under arbitrary
infinitesimal variations is that Ea and Eab vanish:
Ea =
[D−1
2
]∑
p=0
ap(D − 2p)E(p)a = 0, (33)
and
Eab =
[D−1
2
]∑
p=1
app(D − 2p)E(p)ab = 0. (34)
where we have defined
E(p)a := ǫab2···bDRb2b3 · · ·Rb2pb2p+1eb2p+2 · · · ebD , (35)
E(p)ab := ǫaba3···aDRa3a4 · · ·Ra2p−1a2pT a2p+1ea2p+2 · · · eaD . (36)
5A Lagrangian containing arbitrarily high derivatives of fields generally leads to ghosts.
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These equations involve only first derivatives of ea and ωab, simply because d
2 = 0. If one
furthermore assumes –as is usually done– that the torsion vanishes identically,
T a = dea + ωabe
b = 0, (37)
then Eq. (34) is automatically satisfied. Moreover, the torsion-free condition can be solved for
ω as a function of the inverse vielbein (Eµa ) and its derivative,
ωabµ = −Eνb (∂µeaν − Γλµνeaλ), (38)
where Γλµν is symmetric in µν and can be identified as the Christoffel symbol (torsion-free affine
connection). Substituting this expression for the Lorentz connection back into (35) yields second
order field equations for the metric.
These equations are identical to the ones obtained from varying the Lovelock action written
in terms of the Riemann tensor and the metric,
ID[g] =
∫
M
dDx
√
g
[
a′0 + a
′
1R+ a
′
2(R
αβγδRαβγδ − 4RαβRαβ +R2) + ···
]
.
Now one can understand the remarkable feature of GR, where the field equations for the metric
are second order and not fourth order, in spite of the fact that the Lagrangian involves the second
derivatives of gµν . This “miraculous accident” is a consequence of the fact that the action can
be written using only wedge products and exterior derivatives of the fields, without using the
*-Hodge dual, and the fact that the torsion is assumed to vanish identically. In f(R) theories,
for example, this first condition is not respected and they generically give rise to higher order
field equations. In the presence of fermionic matter, torsion does not vanish, hence the second
condition would not hold and the use of a purely metric formulation would be unwarranted.
The standard, purely metric, form of the action is also called second order formalism, because
it yields equations with up to second derivatives of the metric. The fact that the Lagrangian
contains second derivatives of gµν has induced some authors to refer to the Lovelock actions as
higher derivative theories of gravity, which is incorrect, as already mentioned.
One important feature that makes the behaviour of Lovelock theories very different forD ≤ 4
and for D > 4 is that in the former case the field equations (33, 34) are linear in the curvature
tensor, while in the latter case the equations are generically nonlinear in Rab. In particular,
while for D ≤ 4 the equations (36) imply the vanishing of torsion, this is no longer true for
D > 4. In fact, the field equations evaluated in some configurations may leave some components
of the curvature and torsion tensors completely undetermined. For example, Eq.(34) has the
form of a polynomial in Rab times T a, and it is possible that the polynomial vanishes identically,
imposing no conditions on the torsion tensor.
However, the configurations for which the equations do not determine Rab and T a form
sets of measure zero in the space of geometries. In a generic case, outside of these degenerate
configurations, the Lovelock theory has the same number of degrees of freedom as ordinary
gravity [19]. The problem of degeneracy, however, is a major issue in determining the time
evolution of certain dynamical systems, usually associated with the splitting of the phase space
into causally disconnected regions and irreversible loss of degrees of freedom [21]. These features
might be associated to a dynamical dimensional reduction in gravitation theories [22], and has
been shown to survive even at the quantum level [23].
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3.1.3 Torsional series
Lovelock’s theorem assumes equation (37) to be an identity. This means that ea and ωab are not
independent fields, contradicting the assumption that these fields correspond to two independent
features of the geometry on equal footing. For D ≤ 4, equation (37) coincides with (36), so that
imposing the torsion-free constraint may be seen as an unnecessary albeit harmless restriction.
In fact, for 3 and 4 dimensions, the Lorentz connection can be algebraically obtained from its
own field equation and by the implicit function theorem, the first order and the second order
actions have the same extrema and define equivalent theories, I[ω, e] = I[ω(e, ∂e), e].
As can be seen from (34), the torsion-free condition does not automatically follow from the
field equations, and although (36) is algebraic in ω, it is impossible to solve for ω(e, ∂e) globally.
Therefore, the second order action is not necessarily equivalent to the first order one in general.
It could be that for some choices of coefficients ap, the curvature is such that leaves the torsion
completely indeterminate.
Thus, it is reasonable to consider the generalization of the Lovelock action in which torsion
is not assumed to vanish identically, adding of all possible Lorentz invariants involving torsion
that would vanish if T a = 0 [16]. This means allowing for combinations of terms included in the
first four expressions (19-22). For example, a possible contribution to the Lagrangian in fifteen
dimensions could be P4υ1τ0ζ0. Let’s examine other examples:
• For D = 3, there is one torsion term in addition to the Lovelock family,
ζ0 = e
aTa, (39)
• For D = 4, there are three such terms,
υ1 = e
aebRab, τ0 = T
aTa, P4 = RabRab. (40)
The integral of the last term in (40) is a topological invariant (the Pontryagin number), and the
linear combination of the other two terms,
N4 = T aTa − eaebRab, (41)
known as the Nieh-Yan form, also yields a topological invariant [24]. The properly normalized
integral of (41) over a 4-manifold is an integer, equal to the difference between the Pontryagin
classes for SO(5) and SO(4) (or their related groups SO(n, 5− n and SO(m, 4−m)) [25].
To make life even harder, there are some linear combinations of these products which are
topological densities, as in (40). In 8 dimensions there are two Pontryagin forms
P8 = Ra1a2Ra2a3 · · ·Ra4a1 , (42)
(P4)2 = (RabRba)2, (43)
which also occur in the absence of torsion, and there are two generalizations of the Nieh-Yan
form,
(N4)2 = (T aTa − eaebRab)2, (44)
N4P4 = (T aTa − eaebRab)(RcdRdc), (45)
etc. (for details and extensive discussions, see Ref.[16]).
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3.1.4 Quasi-invariant Chern-Simons series
The Pontryagin classes P2n defined in (19), as well as those that involve torsion, like the Nieh-
Yan forms (41), are all closed forms. Therefore, one can look for a locally defined CS form whose
exterior derivative yields the corresponding closed form. These CS forms can also be included
as Lagrangian densities in the appropriate dimension.
The idea is best illustrated with examples. Consider the Pontryagin and the Nieh-Yan forms
in four dimensions, P4 and N4, respectively. The corresponding CS three-forms are
CLor3 = ω
a
bdω
b
a +
2
3
ωabω
b
cω
c
a (46)
CTor3 = e
aTa (47)
Both these terms are invariant under SO(2, 1) (Lorentz invariant in three dimensions), and are
related to the four-dimensional Pontryagin and Nieh-Yan forms,
dCLor3 = R
abRab, (48)
dCTor3 = T
aTa − eaebRab. (49)
The general recipe is simple. For each Pontryagin form in 4k dimensions, there is a CS form
which provides a sensible action for gravity in 4k − 1 dimensions. For example, in D = 7, the
Lorentz CS form is
CLor7 = Tr[ω(dω)
3 +
8
5
ω3(dω)2 +
4
5
ω2(dω)ω(dω) + 2ω5(dω) +
4
7
ω7],
where the trace is over the suppressed the Lorentz indices.
Thus, the most general gravity in a given dimension would be a linear combination of Lorentz
invariant and quasi-invariant D-forms of the three families described above: Lovelock, torsional
and Lorentz Chern-Simons forms. While the Lovelock series has a simple systematic rule for any
dimension (27), no simple recipe is there for the torsional Lagrangians. These look awkward,
there is no systematic rule to even say how many terms appear in a given dimension and the
number of elementary terms of the families υ, τ and ζ, grows wildly with the dimension6. This
proliferation problem is not purely aesthetic. It is like the cosmological constant problem but
for a huge number of indeterminate parameters in the theory and not just one.
4 Selecting Sensible Theories
There is another serious aspect of the proliferation issue: the coefficients in front of each term
in the Lagrangian are not only arbitrary but dimensionful. This problem already occurs in 4
dimensions, where Newton’s constant and the cosmological constant have dimensions of [length]2
and [length]−4 respectively.
The presence of dimensionful parameters leaves little room for optimism in a quantum version
of the theory. Dimensionful parameters in the action are potentially dangerous because they
are likely to acquire uncontrolled quantum corrections. This is what makes ordinary gravity
nonrenormalizable in perturbation theory: In 4 dimensions, Newton’s constant has dimensions
6As it is shown in [16], the number of torsion-dependent terms grows as the partitions of D/4, which is given
by the Hardy-Ramanujan formula, p(D/4) ∼ 1√
3D
exp[pi
√
D/6].
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of [mass]−2 in natural units. This means that as the order in perturbation series increases, more
powers of momentum will occur in the Feynman graphs, making the ultraviolet divergences
increasingly worse. Concurrently, the radiative corrections to these bare parameters require the
introduction of infinitely many counterterms into the action to render them finite [26]. But an
illness that requires infinite amount of medication is synonym of incurable.
The only safeguard against the threat of uncontrolled divergences in quantum theory is to
have some symmetry principle that fixes the values of the parameters in the action, limiting the
number of possible counterterms that could be added to the Lagrangian. Obviously, a symmetry
endowed with such a high responsibility should be a bona fide quantum symmetry, and not just
an approximate feature of its effective classical descendent. A symmetry that is only present
in the classical limit but is not a feature of the quantum theory is said to be anomalous. This
means that if one conceives the quantum theory as the result of successive quantum corrections
to the classical theory, these corrections “break” the symmetry. An anomalous symmetry is an
artefact of the classical limit, that does not correspond to a true symmetry of the microscopic
world.
If a non anomalous symmetry fixes the values of the parameters in the action, this symmetry
will protect those values under renormalization. A good indication that this might happen would
be if all the coupling constants are dimensionless and could be absorbed in the fields, as in Yang-
Mills theory. As shown below, in odd dimensions there is a unique choice of coefficients in the
Lovelock action that gives the theory with an enlarged gauge symmetry. This action has no
dimensionful parameters and can be seen to depend on a unique (dimensionless) coefficient (κ),
analogous to Newton’s constant. This coefficient can be shown to be quantized by an argument
similar to the one that yields Dirac’s quantization of the product of magnetic and electric charge
[27]. All these miraculous properties can be traced back to the fact that the particular choice
of coefficients in that Lagrangian turns it into a CS form for the enlarged gauge symmetry.
4.1 Extending the Lorentz group
The coefficients αp in the Lovelock action (27) have dimensions l
D−2p. This is because the
canonical dimension of the vielbein is [ea] = l, while the Lorentz connection has dimensions
[ωab] = l0, as a true gauge field. This reflects the fact that gravity is naturally a gauge theory
for the Lorentz group, where ea plays the role of a matter field, not a connection field but a
vector under Lorentz transformations.
4.1.1 Poincare´ group
Three-dimensional gravity, where ea can play the role of a connection, is an important exception
to the previous statement. This is in part thanks to the coincidence in three dimensions that
allows to regard a vector as a connection for the Lorentz group, ωˆa = 12ǫ
abcωbc. Consider the
Einstein-Hilbert Lagrangian in three dimensions
L3 = ǫabcR
abec. (50)
Under an infinitesimal Lorentz transformation with parameter λab, the Lorentz connection trans-
forms as
δωab = Dλ
a
b (51)
= dλab + ω
a
cλ
c
b − ωcbλac,
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while ec, Rab and ǫabc transform as tensors,
δea = −λacec
δRab = −(λacRcb + λbcRac),
δǫabc = −(λdaǫdbc + λdbǫadc + λdcǫabd) ≡ 0.
Combining these relations, the Lorentz invariance of L3 can be directly checked. What is unex-
pected is that the action defined by (50) is also invariant under the group of local translations in
the three dimensional tangent space. For this additional symmetry ea transforms as a gauge con-
nection for the translation group.7 In fact, if the vielbein transforms under “local translations”
in tangent space, parametrized by λa as
δea = Dλa
= dλa + ωabλ
b, (52)
while the Lorentz connection remains unchanged,
δωab = 0, (53)
then, the Lagrangian L3 changes by a total derivative,
δL3 = d[ǫabcR
abλc], (54)
which can be dropped from the action, under the assumption of standard boundary conditions.
This means that in three dimensions ordinary gravity is gauge invariant under the whole Poincare´
group. (This can be shown using the infinitesimal transformations δe and δω to compute the
commutators of the second variations, obtaining the Lie algebra of the Poincare´ group.)
4.1.2 (Anti-)de Sitter group
In the presence of a cosmological constant Λ = ∓l−2 it is also possible to extend the local
Lorentz symmetry. In this case, however, the invariance of the appropriate tangent space is not
the local Poincare´ symmetry, but the local (anti)-de Sitter group. The point is that different
spaces T ∗M can be chosen as tangents to a given manifold M , provided they are diffeomorphic
to the open neighbourhoods of M . However, a useful choice of tangent space corresponds to
the covering space of a vacuum solution of the Einstein equations. In the previous case, flat
space was singled out because it is the maximally symmetric solution of the Einstein equations.
If Λ 6= 0, flat spacetime is no longer a solution of the Einstein equations, but the de Sitter or
anti-de Sitter space, for Λ > 0 or Λ < 0, respectively.
The three-dimensional Lagrangian in (27) reads
LAdS3 = ǫabc(R
abec ± 1
3l2
eaebec), (55)
and the action is invariant –modulo surface terms– under the infinitesimal transformations,
δωab = dλab + ωacλ
cb + ωbcλ
ac ± [eaλb − λaeb]l−2 (56)
δea = dλa + ωabλ
b − λabeb. (57)
7This translational invariance in the tangent space is not to be confused with the local translations in the base
manifold mentioned in Sect.1.3.1, Eq(13).
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These transformations can be cast in a more suggestive way as
δ
[
ωab eal−l
−ebl−l 0
]
= d
[
λab λal−l
−λbl−l 0
]
+
[
ωac e
al−l
−ecl−l 0
] [
λcb λcl−1
±λbl−1 0
]
−
[
λac λal−1
−λcl−1 0
] [
ω bc ecl
−1
±ebl−1 0
]
.
This can also be written as
δWAB = dΛAB +WACΛ
CB − ΛACW BC ,
where the 1-form WAB and the 0-form ΛAB stand for the combinations
WAB =
[
ωab eal−1
−ebl−1 0
]
(58)
ΛAB =
[
λab λal−1
−λbl−1 0
]
, (59)
(here a, b, .. = 1, 2, ..D, while A,B, ... = 1, 2, ..,D+1). Clearly, WAB transforms as a connection
and ΛAB can be identified as the infinitesimal transformation parameters, but for which group?
Since ΛAB = −ΛBA, this indicates that the group is one that leaves invariant a symmetric, real
bilinear form, so it must be a group in the SO(r, s) family. The signs (±) in the transformation
above can be traced back to the sign of the cosmological constant. It is easy to check that this
structure fits well if indices are raised and lowered with the metric
ΠAB =
[
ηab 0
0 ∓1
]
, (60)
so that, for example, WAB = ΠBCWAC . Then, the covariant derivative in the connection W of
this metric vanishes identically,
DWΠ
AB = dΠAB +WACΠ
CB +WBCΠ
AC = 0. (61)
Since ΠAB is constant, this last expression implies WAB +WBA = 0, in exact analogy with
what happens with the Lorentz connection, ωab + ωba = 0, where ωab ≡ ηbcωac. Indeed, this is
a very awkward way to discover that the 1-form WAB is actually a connection for the group
which leaves invariant the metric ΠAB . Here the two signs in ΠAB correspond to the de Sitter
(+) and anti-de Sitter (−) groups, respectively.
What we have found here is an explicit way to immerse the three-dimensional Lorentz group
into a larger symmetry group, in which the vielbein and the Lorentz connection have been incor-
porated on equal footing as components of a larger (A)dS connection. The Poincare´ symmetry
is obtained in the limit l→∞ (λ→ 0). In that case, instead of (56, 57) one has
δωab = dλab + ωacλ
cb + ωbcλ
ac (62)
δea = dλa + ωabλ
b − λabeb. (63)
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The vanishing cosmological constant limit is actually a deformation of the (A)dS algebra analo-
gous to the deformation that yields the Galileo group from the Poincare´ symmetry in the limit
of infinite speed of light (c → ∞). These deformations are examples of what is known as a
Ino¨nu¨-Wigner contraction [28, 29]. The procedure starts from a semisimple Lie algebra and
some generators are rescaled by a parameter (l or λ in the above example). Then, in the limit
where the parameter is taken to zero (or infinity), a new (not semisimple) algebra is obtained.
For the Poincare´ group which is the familiar symmetry of Minkowski space, the representation in
terms of W becomes inadequate because the metric ΠAB should be replaced by the degenerate
(noninvertible) metric of the Poincare´ group,
ΠAB0 =
[
ηab 0
0 0
]
, (64)
and is no longer clear how to raise and lower indices. Nevertheless, the Lagrangian (55) in the
limit l →∞ takes the usual Einstein Hilbert form with vanishing cosmological constant,
LEH3 = ǫabcR
abec, (65)
which is invariant under (63).
As Witten showed, General Relativity in three spacetime dimensions is a renormalizable
quantum system [30]. It is strongly suggestive that precisely in 2+1 dimensions GR is also a
gauge theory on a fibre bundle. It could be thought that the exact solvability miracle is due to
the absence of propagating degrees of freedom in three-dimensional gravity, but the final power-
counting argument of renormalizability rests on the fibre bundle structure of the Chern-Simons
system and doesn’t seem to depend on the absence of propagating degrees of freedom. In what
follows we will generalize the gauge invariance of three-dimensional gravity to higher dimensions.
4.2 More Dimensions
Everything that has been said about embedding the Lorentz group into the (A)dS group for
D = 3, starting at equation (56), can be generalized for any D. In fact, it is always possible to
embed the D-dimensional Lorentz group into the de-Sitter, or anti-de Sitter groups,
SO(D − 1, 1) →֒
{
SO(D, 1), ΠAB = diag(ηab,+1)
SO(D − 1, 2), ΠAB = diag(ηab,−1) . (66)
as well as into their Poincare´ limit,
SO(D − 1, 1) →֒ ISO(D − 1, 1). (67)
The question naturally arises, are there gravity actions in dimensions ≥ 3 which are also
invariant, not just under the Lorentz group, but under some of its extensions, SO(D, 1), SO(D−
1, 2), ISO(D − 1, 1)? As we will see now, the answer to this question is affirmative in odd
dimensions: There exist gravity actions for every D = 2n−1, invariant under local SO(2n−2, 2),
SO(2n−1, 1) or ISO(2n−2, 1) transformations, where the vielbein and the Lorentz connection
combine to form the connection of the larger group. In even dimensions, in contrast, this cannot
be done.
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Why is it possible in three dimensions to enlarge the symmetry from local SO(2, 1) to
local SO(3, 1), SO(2, 2) and ISO(2, 1)? What happens if one tries to do this in four or more
dimensions? Let us start with the Poincare´ group and the Hilbert action for D = 4,
L4 = ǫabcdR
abeced. (68)
Why is this not invariant under local translations δea = dλa+ωabλ
b? A simple calculation yields
δL4 = 2ǫabcdR
abecδed
= d(2ǫabcdR
abecλd)− 2ǫabcdRabT cλd. (69)
The first term in the r.h.s. of (69) is a total derivative and therefore gives a surface contribution
to the action. The last term, however, need not vanish, unless one imposes the field equation
T a = 0. But this means that the invariance of the action only occurs on shell. Now, “on shell
symmetries” are not real symmetries and they probably don’t survive quantization because
quantum mechanics does not respect equations of motion.
On the other hand, the miracle in three dimensions occurred because the Lagrangian (65) is
linear in e. In fact, Lagrangians of the form
L2n+1 = ǫa1···a2n+1R
a1a2 · · ·Ra2n−1a2nea2n+1 , (70)
–which are only defined in odd dimensions–, are also invariant under local Poincare´ transforma-
tions (62, 63), as can be easily checked. Since the Poincare´ group is a limit of (A)dS, it seems
likely that there should exist a Lagrangian in odd dimensions, invariant under local (A)dS trans-
formations, whose limit for vanishing cosmological constant (l → ∞) is (70). One way to find
out what that Lagrangian might be, one could take the most general Lovelock Lagrangian and
select the coefficients by requiring invariance under (56, 57). This is a long and tedious but sure
route. An alternative approach is to try to understand why it is that in three dimensions the
gravitational Lagrangian with cosmological constant (55) is invariant under the (A)dS group.
Let us consider the three-dimensional case first. If we take seriously the notion that WAB is
a connection, then the associated curvature is
FAB = dWAB +WACW
CB,
where WAB is defined in (58). Then, it is easy to prove that
FAB =
[
Rab ± l−2eaeb l−1T a
−l−1T b 0
]
. (71)
where a, b run from 1 to 3 and A,B from 1 to 4. Since the (A)dS group has an invariant tensor
ǫABCD, one can construct the 4-form invariant
E4 = ǫABCDF
ABFCD. (72)
This is invariant under the (A)dS group and is readily recognized, up to a constant, as the Euler
form8 for a four-dimensional manifold whose tangent space is not Minkowski, but has the metric
8This identification is formal, since the differential forms that appear here are defined in three dimensions,
but they can be naturally defined to four dimensions by simply extending the range of coordinate indices. This
implies that one is considering the three-dimensional manifold as embedded in four dimensions.
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ΠAB =diag (ηab,∓1). The form E4 = #E4 can also be written explicitly in terms of Rab, T a,
and ea,
E4 = 4ǫabc(R
ab ± l−2eaeb)l−1T a (73)
=
4
l
d
[
ǫabc
(
Rab ± 1
3l2
eaeb
)
ec
]
,
which is, up to constant factors, the exterior derivative of the three-dimensional Lagrangian
(55),
E4 = dLAdS3 . (74)
This is the key point: the l.h.s. of (74) is invariant under local (A)dS3 by construction.
Therefore, the same must be true of the r.h.s.,
δ
(
dLAdS3
)
= 0.
Since the variation is a linear operation, it commutes with the derivative
d
(
δLAdS3
)
= 0,
which in turn means, by Poincare´’s Lemma [31] that, locally, δLAdS3 = d(something). This
explains why the action is (A)dS invariant up to surface terms, which is exactly what we found
for the variation, [see, (54)]. The fact that three dimensional gravity can be written in this way
was observed many years ago in Refs. [32, 30].
The key to generalize the (A)dS Lagrangian from 3 to 2n− 1 dimensions is now clear9:
• First, generalize the Euler density (72) to a 2n-form,
E2n = ǫA1···A2nF
A1A2 · · · FA2n−1A2n . (75)
• Second, express E2n explicitly in terms of Rab, T a and ea using (71).
• Write this as the exterior derivative of a (2n − 1)-form L2n−1.
• L2n−1 can be used as a Lagrangian in (2n − 1) dimensions.
This procedure directly yields the (2n − 1)-dimensional (A)dS-invariant Lagrangian as
L
(A)dS
2n−1 =
n−1∑
p=0
α¯pL
2n−1
p , (76)
where LDp is given by (28). This is a particular case of a Lovelock Lagrangian in which all the
coefficients α¯p have been fixed to take the values
α¯p = κ · (±1)
p+1l2p−D
(D − 2p)
(
n− 1
p
)
, p = 1, 2, ..., n − 1 = D − 1
2
, (77)
where 1 ≤ p ≤ n− 1 = (D − 1)/2, and κ is an arbitrary dimensionless constant.
9The construction we outline here was discussed in [33, 34], and also in [35, 36].
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Another interesting exercise is to show that, for AdS, the action (76) can also be written as
[37]
I2n−1 =
κ
l
∫
M
1∫
0
dt ǫa1···a2n−1R
a1a2
t · · ·Ra2n−3a2n−2t ea2n−1 , (78)
where we have defined Rabt := R
ab + (t2/l2)eaeb.
Example: In five dimensions, the (A)dS Lagrangian reads
L
(A)dS
5 =
κ
l
ǫabcde
[
eaRbcRde ± 2
3l2
eaebecRde +
1
5l4
eaebecedee
]
. (79)
The parameter l is a length scale –the Planck length– and cannot be fixed by theoretical con-
siderations. Actually, l only appears in the combination
e˜a = l−1ea,
that could be considered as the “true” dynamical field, as is the natural thing to do if one uses
WAB instead of (ωab, ea). In fact, the Lagrangian (76) can also be written in terms of WAB as
L
(A)dS
2n−1 = κ · ǫA1···A2n
[
W (dW )n−1 + a3W
3(dW )n−2 + · · · a2n−1W 2n−1
]
,
where all indices are contracted appropriately and the coefficients a3, · · · a2n−1 are dimensionless
rational numbers fixed by the condition dL
(A)dS
2n−1 = E2n.
4.3 Generic Chern-Simons forms
The construction outlined above is not restricted to the Euler form, but applies to any gauge
invariant of similar nature, generally known as characteristic classes, like the Pontryagin or
Chern classes. Their corresponding CS forms were studied first in the context of abelian and
nonabelian gauge theories (see, e. g., [38, 2]). Tables 1 and 2 give examples of CS forms which
define Lagrangians in three and seven dimensions, and their corresponding topological invariants,
D = 3 CS Lagrangians Characteristic classes Groups
L
(A)dS
3 = ǫabc(R
ab ± eaeb3l2 )ec E4 = ǫabc(Rab ± e
aeb
l2 )T
c SO(4)(†)
LLor3 = ω
a
bdω
b
a +
2
3ω
a
bω
b
cω
c
a PLor4 = RabRba SO(2, 1)
LTor3 = e
aTa N4 = T aTa − eaebRab SO(2, 1)
L
U(1)
3 = AdA PU(1)4 = FF U(1)
L
SU(N)
3 = Tr[AdA+
2
3AAA] P
SU(4)
4 = Tr[FF] SU(N)
Table 1: Three-dimensional gravitational CS Lagrangians, their related characteristic classes
and the corresponding gauge groups.
† Either this or any of its cousins, SO(3, 1), SO(2, 2).
Here R, F , and F are the curvatures of the Lorentz, the electromagnetic, and the Yang-Mills
(SU(N)) connections ωab, A and A, respectively; T is the torsion; E4 and P4 are the Euler and
the Pontryagin densities for the Lorentz group [14], and N4 is the Nieh-Yan invariant [24]. The
Lagrangians are invariant (up to total derivatives) under the corresponding gauge groups.
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4.4 Torsional Chern-Simons forms
So far we have not included torsion in the CS Lagrangian, but as we see in the table above, it
is also possible to construct CS forms that include torsion. All the CS forms above are Lorentz
invariant (up to an exact form), but there is a linear combination of the second and third which
is invariant under the (A)dS group. This is the so-called exotic gravity [30],
LExotic3 = L
Lor
3 ±
2
l2
LTor3 . (80)
As can be shown directly by taking its exterior derivative, this is invariant under (A)dS:
dLExotic3 = R
a
bR
b
a ±
2
l2
(
T aTa − eaebRab
)
= FABF
B
A.
This exotic Lagrangian has the curious property of giving exactly the same field equations as
the standard dLAdS3 , but interchanged: varying with respect to e
a one gives the equation for ωab
of the other, and vice-versa.
In five dimensions, the only Lorentz invariant that can be formed using T a is RabTaeb, which
is a total derivative, and therefore there no new Lagrangians involving torsion in this case. In
seven dimensions there are two Lorentz-Pontryagin, and one torsional CS forms,
D = 7 CS Lagrangians Characteristic classes
LLor7 = ω(dω)
3 + 85ω
3(dω)2 + · · ·+ 47ω7 RabRbcRcdRda
LI7 = (ω
a
bdω
b
a +
2
3ω
a
bω
b
cω
c
a)R
a
bR
b
a (R
a
bR
b
a)
2
LII7 = (e
aTa)(R
a
bR
b
a) (T
aTa − eaebRab)RcdRdc
Table 2: Seven-dimensional gravitational CS Lagrangians, their related characteristic classes
and the corresponding gauge groups.
There exist no CS forms in even dimensions for the simple reason that there are no charac-
teristic classes in odd dimensions. The characteristic classes, like the Euler and the Pontryagin
(or Chern-Weil) classes are exterior products of curvature two-forms and therefore are forms
of even degree. The idea of characteristic class is one of the unifying concepts in mathematics
that connects algebraic topology, differential geometry and algebraic geometry. The theory of
characteristic classes explains mathematically why it is not always possible to perform a gauge
transformation that makes the connection vanish everywhere even if it is locally pure gauge.
The nonvanishing value of a topological invariant signals an obstruction to the existence of a
gauge transformation that trivializes the connection globally.
There are basically two types of invariants relevant for a Lorentz invariant theory in an
even-dimensional manifold:
• The Euler class, associated with the O(D − n, n) groups. In two dimensions, the Euler
number is related to the genus (g) of the surface, χ = 2− 2g.
• The Pontryagin class, associated with any classical semisimple group G. It counts the
difference between self dual and anti-self dual gauge connections that are admitted in a given
manifold.
The Nieh-Yan invariants correspond to the difference between Pontryagin classes for SO(D+
1) and SO(D) in D dimensions [25].
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As there are no similar invariants in odd dimensions, there are no CS actions for gravity for
even D, invariant under the (anti-) de Sitter or Poincare´ groups. In this light, it is fairly obvious
that although ordinary Einstein-Hilbert gravity can be given a fibre bundle structure for the
Lorentz group, this structure cannot be extended to include local translational invariance.
4.4.1 Quantization of the gravitation constant
The only free parameter in a Chern-Simons action is a multiplicative global coefficient, κ. Con-
sider a simply connected, compact 2n−1 dimensional manifoldM whose geometry is determined
by an Euler-CS Lagrangian. Suppose M to be the boundary of a 2n-dimensional compact ori-
entable manifold Ω. Then the action for the geometry of M can be expressed as the integral of
the Euler density E2n over Ω, multiplied by κ. But since there can be many different manifolds
with the same boundary M , the integral over Ω should give the same physical predictions as
that over a different manifold, Ω′. In order for this change to leave the path integral unchanged,
a minimal requirement would be
κ
[∫
Ω
E2n −
∫
Ω′
E2n
]
= 2nπ~. (81)
The quantity in brackets –with the appropriate normalization– is the Euler number of the
manifold obtained by gluing Ω and Ω′ along M in the right way to produce an orientable
manifold, χ[Ω ∪ Ω′]. This integral can take an arbitrary integer value and hence κ must be
quantized,
κ = nh,
where h is Planck’s constant [27].
4.4.2 Born-Infeld gravity
The closest one can get to a CS theory in even dimensions is with the so-called Born-Infeld (BI)
theories [35, 36, 39]. The BI Lagrangian is obtained by a particular choice of the αp’s in the
Lovelock series, so that the Lagrangian takes the form
LBI2n = ǫa1···a2nR¯
a1a2 · · · R¯a2n−1a2n , (82)
where R¯ab stands for the combination
R¯ab = Rab ± 1
l2
eaeb. (83)
With this definition it is clear that the Lagrangian (82) contains only one free parameter, l, which,
as explained above, can always be absorbed in a redefinition of the vielbein. This Lagrangian has
a number of interesting classical features like simple equations, black hole solutions, cosmological
models, etc. [35, 36, 4]. The simplification comes about because the equations admit a unique
maximally symmetric configuration given by R¯ab = 0, in contrast with the situation when all
αp’s are arbitrary. As already mentioned for arbitrary αp’s, the field equations do not determine
completely the components of Rab and T a in general. This is because the high nonlinearity of the
equations can give rise to degeneracies. The BI choice is in this respect the best behaved since
the degeneracies are restricted to only one value of the radius of curvature (Rab± 1
l2
eaeb = 0). At
the same time, the BI action has the least number of algebraic constrains required by consistency
among the field equations, and it is therefore the one with the simplest dynamical behaviour[39].
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4.5 Finite Action and the Beauty of Gauge Invariance
Classical invariances of the action are defined modulo surface terms because they are usually
assumed to vanish in the variations, and do not affect the equations in the bulk. This is
true for boundary conditions that keep the values of the fields fixed at the boundary: Dirichlet
conditions. In a gauge theory, however, it may be more relevant to fix gauge invariant properties
at the boundary –like the curvature. These are not precisely Dirichlet boundary conditions, but
rather mixed conditions of Dirichlet and Neumann types.
On the other hand, it is also desirable to have an action which has a finite value, when
evaluated on a physically observable configuration –e.g., on a classical solution. This is not just
for the sake of elegance, it is a necessity if one needs to study the semiclassical thermodynamic
properties of the theory. This is particularly true for a theory possessing black holes with
interesting thermodynamic features. Moreover, quasi-gauge invariant actions defined on an
infinitely extended spacetime are potentially ill defined because, under gauge transformations,
the boundary terms could give infinite contributions to the action integral. This would not only
cast doubt on the meaning of the action itself, but it would violently contradict the wish to have
a gauge invariant action principle.
Changing the Lagrangian by a boundary term may seem innocuous but it is a delicate
business. The empirical fact is that adding a total derivative to a Lagrangian in general changes
the expression for the conserved Noether charges, and again, possibly by an infinite amount.
The conclusion from this discussion is that a regularization principle must be in place in order
for the action to be finite on physically interesting configurations, and that assures it remains
finite under gauge transformations, and yields well defined conserved charges.
In [37] it is shown that the action has an extremum when the field equations hold, and
is finite on classically interesting configuration if the AdS action (76) is supplemented with a
boundary term of the form
B2n = −κn
1∫
0
dt
t∫
0
ds ǫθe
(
R˜+ t2θ2 + s2e2
)n−1
, (84)
where R˜ and θ are the intrinsic and extrinsic curvatures of the boundary. The resulting action
attains an extremum for boundary conditions that fix the extrinsic curvature of the boundary.
In that reference it is also shown that this action principle yields finite charges (mass, angular
momentum) without resorting to ad-hoc regularizations or background subtractions. It can be
asserted that in this case –as in many others–, the demand of gauge invariance is sufficient to
cure other seemingly unrelated problems.
4.5.1 Transgressions
The boundary term (84) that that ensures convergence of the action and charges turns out to
have other remarkable properties. It makes the action gauge invariant –and not just quasi-
invariant– under gauge transformations that keep both, the intrinsic AdS geometry, and the
extrinsic curvature, fixed at the boundary. The condition of having a fixed asymptotic AdS
geometry is natural for localized matter distributions such as black holes. Fixing the extrinsic
curvature, on the other hand, implies that the connection approaches a fixed reference connection
at infinity in a prescribed manner.
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On closer examination, this boundary term can be seen to convert the action into a transgres-
sion, a mathematically well-defined object. A transgression form is a gauge invariant expression
whose exterior derivative yields the difference of two Chern classes [2],
dT2n−1(A, A¯) = P2n(A)− P2n(A¯), (85)
where A and A¯ are two connections in the same Lie algebra. There is an explicit expression for
the transgression form in terms of the Chern-Simons forms for A and A¯,
T2n+1(A, A¯) = C2n+1(A)− C2n+1(A¯) + dB2n(A, A¯). (86)
The last term in the R.H.S. is uniquely determined by the condition that the transgression
form be invariant under simultaneous gauge transformations of both connections throughout
the entire manifold M
A→ A′ = Λ−1AΛ+ Λ−1dΛ (87)
A¯→ A¯′ = Λ¯−1A¯Λ¯ + Λ¯−1dΛ¯ (88)
with the matching condition at the boundary,
Λ¯(x)− Λ(x) = 0, for x ∈ ∂M. (89)
It can be seen that the boundary term in (84) is precisely the boundary term B2n in the trans-
gression form. The interpretation now presents some subtleties. Clearly one is not inclined to
duplicate the fields by introducing a second dynamically independent set of fields (A¯), having
exactly the same couplings, gauge symmetry and quantum numbers.
One possible interpretation is to view the second connection as a nondynamical reference
field. This goes against the principle according to which every quantity that occurs in the action
that is not a coupling constant, mass parameter, or numerical coefficient like the dimension or
a combinatorial factor, should be a dynamical quantum variable [40]. Even if one accepts the
existence of this unwelcome guest, an explanation would be needed to justify its not being seen
in nature. However, other possibilities exists, as we discuss next.
4.5.2 Cobordism
An alternative interpretation could be to assume that the spacetime is duplicated and we happen
to live in one of the two parallel words where A is present, while A¯ lives in the other. An obvious
drawback of this interpretation is that the action for A¯ has the wrong sign, which would lead to
ghosts or rather unphysical negative energy states. We could ignore this fact because the ghosts
would live in the “parallel universe” that we don’t see, but this is not completely true because,
at least at the boundary, the two universes meet.
Interestingly, A and A¯ only couple through the boundary term, B2n(A, A¯), and therefore, the
bulk where A is defined need not be the same one where A¯ lives. These two worlds must only
share the same boundary, where condition (89) makes sense; they are independent but cobordant
manifolds.
The negative sign in front of C(A¯) is an indication that the orientation of the parallel universe
must be reversed. Then, the action can be written as
I[A, A¯] =
∫
M
C(A) +
∫
M¯
C(A¯) +
∫
∂M
B(A, A¯), (90)
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where the orientation of M¯ has been reversed so that at the common boundary, ∂M = −∂M¯ . In
other words, the two cobordant manifolds M and M¯ , with the new orientation, define a single,
uniformly oriented surface sewn at the common boundary which is also correctly oriented.
The picture that emerges in this interpretation is one where we live in a region of spacetime
(M) characterized by the dynamical field A. At he boundary of our region, ∂M , there exists
another field with identical properties as A and matching gauge symmetry. This second field A¯
extends on to a cobordant manifold M , to which we have no direct access except through the
interaction of A¯ with our A[41]. If the spacetime we live in is asymptotically AdS, this could
be a reasonable scenario since the boundary then is causally connected to the bulk and can be
easily viewed as the common boundary of two –or more– asymptotically AdS spacetimes [42].
5 CS as brane couplings
Although CS forms appeared in high energy physics more than 30 years ago, in order to achieve
local supersymmetry [43] and as Lagrangians in quantum field theory [44, 45], recently a different
use has been identified. As noted in Sect. 1, under gauge transformation CS forms change
essentially like an abelian connection. Hence, they can be used like the electromagnetic vector
potential A, to couple to a conserved current. However, since the CS forms have support on
a (2n + 1)-dimensional manifold, they couple gauge fields to extended sources (2n-dimensional
membranes), charged with respect to some gauge color [46, 47, 48].
The CS form provides a gauge-invariant coupling between the gauge potential and an ex-
tended source in a consistent manner, something that could be achieved by the “more natural”
minimal couplings Aµ1µ2···µpj
µ1µ2···µp , only for an abelian potential [49].
5.1 Minimal coupling and geometry
The other common situation in which total derivatives play a fundamental role is in the coupling
between a field and a conserved current.10 The epitome of such coupling is the interaction
Lagrangian between the electromagnetic field and an electric current,
IInt =
∫
Γ
Aµj
µd4x , (91)
where Aµ is the vector potential and j
µ is the electromagnetic 4-vector current density. This
coupling has two nontrivial properties besides its obvious Lorentz invariance, gauge invariance,
and metric independence, both of which are common to all CS forms.
As mentioned in Sect.1, invariance of IInt under gauge transformations is a consequence of
two properties of the current: its gauge invariance, j′µ = jµ –as physical observables should–
, and its conservation, ∂µj
µ = 0. Conversely, the minimal coupling means that the vector
potential can only couple consistently (in a gauge invariant way) to a gauge-invariant, conserved
current. This statement makes no reference to the equations of motion of the charges or to
Maxwell’s equations. Additionally, gauge invariance of the action implies the conservation of
electric charge. The conserved charge is precisely the generator of the symmetry that implies
its conservation.
The metric independence of the minimal coupling has a more subtle meaning. It can be
trivially verified from the fact that under a change of coordinates, Aµ transforms as a covariant
10The following discussion is based on [50].
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vector while jµ is a vector density and, therefore, the integrand in (91) is coordinate invariant.
No “
√|g|” is required in the integration measure, which implies that the same coupling can
be used in a curved background or in flat space and in any coordinate frame. This ultimately
means that the integrand in (91) is an intrinsic property of the field A over the world line swept
by the point charges in their evolution.
In the case of one point charge, the current is best understood as the dual the three-form
delta function (a density) supported on the worldline of the particle, j = e ∗ δ(Γ) where e is the
electric charge. Hence, Aµj
µd4x = eA ∧ δ(Γ), and (91) reads
IInt = e
∫
Γ
Aµ(z)dz
µ = e
∫
Γ
A , (92)
where the coordinate zµ is any convenient parametrization of the worldline Γ. This is correct
since distributions are elements in the dual of a space of test functions, that upon integration
yield numbers; in the case of the Dirac delta, it yields the value of the test function at the
support, which is exactly the content of the equivalence between (91) and (92). In this case,
the current merely projects the one-form A defined everywhere in spacetime, onto the worldline.
The result is clearly independent of the metric of the ambient spacetime and of the metric of
the worldline, which in this simple case corresponds to the choice of coordinate zµ.
It is reassuring that not only the coupling, but also the conservation law ∂µj
µ = 0 doesn’t
require a metric, since ∂ is the ordinary derivative, and j is a contravariant vector density,
which makes the conservation equation valid in any coordinate basis and for any metric. Metric
independence ultimately means that the coupling is insensitive to deformations of the worldline
of the charge, and of the spacetime metric. Thus, regardless of how the particle twists and
turns in it evolution, or the metric properties of spacetime where the interaction takes place, the
coupling remains consistently gauge invariant. This fact is crucial for the dynamical consistency
of the coupling to membranes or other extended objects.
5.2 Extended sources and CS couplings
A (2p+1)-CS form describes the coupling between a connection A and a membrane whose time
evolution sweeps a (2p + 1)-dimensional volume. The consistency of this scheme follows from
the precise form of the coupling [51],
I[A; j] =
∫
〈j2p ∧ C2p+1(A)〉, (93)
where C2p+1 is the algebra-valued form whose trace is the (2p+ 1)-CS form living on the brane
history, C2p+1(A) = 〈C2p+1(A)〉. The current generated by the 2p-brane is represented by the
(D − 2p − 1)-form j supported on the worldvolume of the brane,
j2p = qj
a1a2···asKa1Ka2 · · ·Kasδ(Γ)dxα1 ∧ dxα2 ∧ · · · dxαD−2p−1 , (94)
where dxαi are transverse directions to Γ. The integration over theD−2p−1 transverse directions
yields a (2p+1)-CS form integrated over the worldvolume of the 2p-brane. The invariance under
the gauge transformations can be checked directly by noting that, I[A; j] changes by a (locally)
exact form, provided the current is covariantly conserved,
Dj2p = dj2p + [A, j2p] = 0, (95)
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which can be independently checked for (94). Moreover, if the current j2p results from particles
or fields whose dynamics is governed by an action invariant under the same gauge group G,
then its conservation is guaranteed by consistency. On the worldvolume, however, the gauge
symmetry is reduced to the subgroup that commutes with ja1a2···asKa1Ka2 · · ·Kas .
An interesting –and possibly the simplest– example of such embedded brane occurs when
an identification is made in the spatial slice of AdS3, using a rotational Killing vector with a
fixed point. In that case, a deficit angle is produced and the conical geometry produced around
the singularity can be identified with a point particle [52]; the singularity is the worldline of
the particle where the curvature behaves as a Dirac delta. The geometry is analogous to that
of the BTZ black hole [53], but the naked singularity results from a wrong sign in the mass
parameter of the solution [54]. A similar situation arises also when one considers a co-dimension
2 brane in higher dimensions [48]. In all these cases it is confirmed that the coupling between
this 0-brane and the (nonabelian) connection is indeed of the form (93). These branes only
affect the topological structure of the geometry, but the local geometry outside the worldline of
the source remains unchanged.
5.3 3D-CS systems and condensed matter
There may be more realistic situations where a three-dimensional CS theory could give rise
to interesting effects. For example, materials in ordinary four-dimensional spacetime whose
excitations propagate on two-dimensional layers, display a quantum Hall effect responsible for
superconductivity of high critical temperature [55, 56].
A (2+1)-dimensional CS system is naturally generated at the interface separating two regions
of three-dimensional space in which a Yang-Mills theory has different vacua. Consider an action
of the form
I[A] =
1
2
∫
M
(Tr[F ∧ ∗F ]−Θ(x)Tr[F ∧ F ]) , (96)
where the last term has the form of a topological invariant, but it fails to be topological precisely
because it is multiplied by a function. If this function Θ takes a constant value θ1 in the region
M˜ ⊂ M and θ2 elsewhere, then the second term can also be written as a coupling between the
Chern-Simons and a surface current,∫
M
Θ
2
Tr[F ∧ F ] =
∫
∂M˜
jTr[∧A ∧ dA], (97)
where the surface current is the one-form j = dΘ = (θ1 − θ2)δ(Σ)dz, and z is the coordinate
along outward normal to the surface of M˜ , Σ = ∂M˜ . Since the θ-term is locally exact, the field
equations, both inside and outside M˜ are the same as in vacuum. However, this term modifies
the behavior of the field at the surface Σ.
This coupling between the CS form and the spacetime boundary of the region M˜ has phys-
ical consequences even in the simple case of the abelian theory (electromagnetism). Although
Maxwell’s equations are not affected by the θ-term, the interface rotates the polarization plane
of an electromagnetic wave that crosses it [57]. Another effect of such coupling is a modification
of the Casimir energy inside an empty region surrounded by a “material” in which θ 6= 0 [58]. It
turns out that the so-called topological insulators are materials that produce the effect of mod-
ifying the “θ vacuum” of electromagnetic theory, a phenomenon that is attracting considerable
attention of the condensed matter community [59].
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6 A cursory look at supergravity
The scope of this review is gravity as a gauge theory for the local Lorentz symmetry and its
“natural” extensions, the Poincare´, de Sitter, and anti-de Sitter groups. Rigid (i.e., not gauged)
supersymmetry (SUSY) was identified as the only nontrivial way to combine the Poincare´
symmetry of flat spacetime and the internal symmetries, reflected by the conservation laws
(selection rules) of elementary particles, that is not simply a direct product of groups.
Most theoretical physicists view SUSY as a legitimate –even desirable– feature of nature.
The reason for its popularity rests on its uniqueness and elegance, mixing bosons (integer spin
particles) and fermions (half integer spin particles) as different aspects of a unified system. SUSY
theories have better renormalizability properties than non-SUSY ones and prevents coupling con-
stants from getting renormalized, two welcome features in the elementary particle models. Sadly,
however, SUSY has never been experimentally observed, not even as a rough approximation.
The most intriguing –and uncomfortable– aspect of SUSY is that it predicts the existence of
fermionic carriers of interactions and bosonic constituents of matter. The fact that such particles
have never been observed and blatant the evidence that bosons and fermions play such radically
different roles in nature, strongly indicates that SUSY must be badly broken at the scale of our
observations. On the other hand, there is no clear mechanism at present to break SUSY without
losing its benefits.
The improved renormalizability of SUSY is particularly attractive in the context of gravity:
the supersymmetric extension of GR (SUGRA) whose ultraviolet divergences exactly cancel at
the one-loop level [60, 61]. There is yet another beautiful feature of SUSY: local (gauge) SUSY
is not only compatible with gravity but, by consistency, it requires gravity [63, 62].
6.1 Supergravity as a gauged SUSY
From an algebraic point of view, SUSY is a graded Lie algebra, having both commutators ([·, ·])
and anticommutators ({·, ·}), also called a superalgebra. See, e. g., [63, 62] for a review of this
vast topic. In physics, SUSY appears naturally as a only nontrivial extension of the translation
group, where the successive action of two supersymmetry transformations is defined as
[Q¯ǫ, Q¯η] ∼ (ǫ¯γµη − η¯γµǫ)∂µ . (98)
This identifies supersymmetry as “the square root of the translation” group. If one additionally
demands that Q be in a spinor representation, the supersymmetric algebra becomes a natural
extension of the Poincare´ group. The underpinnings of SUSY can be found in the possibility of
extending a given Lie algebra G0 into a graded algebra, by the inclusion of fermionic generators
which complete a graded algebra G0 ⊇ G0.There is nothing about the Poincare´ algebra that
links it uniquely to supersymmetry, although this is historically the first area of its application.
Graded Lie algebras can be constructed for all classical groups most often used in physics.
The fact that the supersymmetry generators close on the translation group makes it im-
mediately natural to assume that the local version of (98) in which ǫ and η are fields, implies
local translations appear on the right hand side. Loosely speaking, local SUSY requires a gauge
theory for the translation group. As local translations can be identified with coordinate diffeo-
morphisms, a theory invariant under gauge SUSY was naturally identified as containing gravity:
supergravity. The dominant view over the past four decades has been that gauge supersymme-
try can only be supergravity, where gravity is understood as a theory obtained by gauging the
translation group, a superficially very plausible idea.
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On closer scrutiny, however, this argument has a number of holes. First, the invariance under
diffeomorphisms is not an exclusive feature of gravity: any action, for any local field theory, is
invariant under diffeomorphisms. Second, the definition of spinors and Clifford algebras is related
to representations of orthogonal groups SO(n,m), and therefore has no direct connection with
spacetime, except for very special cases like maximally symmetric manifolds (Minkowski, (a)dS).
These spaces are extremely exceptional solutions of gravitation theory, certainly not realized in
general relativity and much less in quantum gravity.
A more technical point is that the generators of diffeomorphisms, the Hamiltonian con-
straints H⊥ and Hi form an open algebra, which is analogous to a Lie algebra but in which the
structure constants are replaced by fields, and in the case of gravity, by dynamical fields. This
makes the symmetry dependent on the states, something rather unmanageable except for very
few applications, but certainly unlikely to yield a consistent quantum picture. Finally, most
supergravity theories require using some field equations in order to close the SUSY algebra, but
this again is hard to assume consistently in a quantum version of the theory, where the classical
equations are irrelevant.
6.2 Supergravity as a CS theory for a superalgebra
As we have argued above, the CS construction only requires a Lie algebra and an odd-dimensional
manifold. It turns out that in any dimension, the supersymmetric extensions of the anti-de Sitter
group SO(D, 2) are completely determined and therefore, the CS theories for those superalgebras
are uniquely fixed. In odd dimensions, the corresponding superalgebras are given in the following
table11 [64, 65]
D Super Algebra Conjugation Matrix
3 mod 8 osp(m|N) CT = −C
7 mod 8 osp(N |m) CT = C
5 mod 4 usp(m|N) C† = C
Table 3: Superalgebras for different (odd) dimensions and the corresponding conjugation ma-
trices.
Here m = 2[D/2] is the dimension of the spinor representation in dimension D. The different
algebras depend on the properties of the Clifford algebra of the corresponding dimension and
the symmetry properties the charge conjugation matrix Cab, as indicated in the third column.
The construction of these algebras is elementary and can be found in [66].
The resulting CS actions include the CS action for gravity in the appropriate dimension, as
discussed in sections 4.3. In addition, there are some nonabelian gauge fields also described by
a CS action, coupled to the fermionic fields. The important fact is that the Lagrangian always
defines a gauge theory invariant under the corresponding local transformations. The SUSY
transformations are of the form
δea = 12 ǫ¯
iΓaψi, δω
ab = −12 ǫ¯
iΓabψi
δψi = Dǫi, δa
i
j = ǫ¯
iψj − ψ¯iǫj ,
11The algebra osp(p|q) (resp. usp(p|q)) is that which generates the orthosymplectic (resp. unitary-symplectic)
Lie group. This group is defined as the one that leaves invariant the quadratic form GABz
AzB = gabx
axb +
γαβθ
αθβ, where gab is a p-dimensional symmetric (resp. hermitean) matrix and γαβ is a q-dimensional antisym-
metric (resp. anti-hermitean) matrix.
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where the indices 1 ≤ i, j ≤ N correspond to a vector representation of the local internal R-
symmetry, whose connection is represented here by aij . The resulting CS supergravities are in
general different from the standard versions of supergravity obtained by the supersymmetric
extension of the Einstein-Hilbert Lagrangian. The following table compares the field contents
of these two forms of extended supergravities for some dimensions,
D Standard SUGRA CS SUGRA Algebra
5 eaµ ψ
α
µ ψ¯αµ e
a
µ ω
ab
µ Aµ a
i
µj ψ
α
iµ ψ¯
i
αµ usp(2, 2|N )
7 eaµ A[3] a
i
µj λ
α φ ψαiµ e
a
µ ω
ab
µ a
i
µj ψ
αi
µ osp(N|8) (N = 2n)
11 eaµ A[3] ψ
α
µ e
a
µ ω
ab
µ b
abcde
µ ψ
α
µ osp(32|N )
Table4: Comparison between the field contents of standard and CS supergravities for different
odd dimensions.
A generic feature of all these supergravities is that they contain spin-one gauge and spin-two
bosonic and spin-three half fermionic fields, and no higher spin fields. This could be regarded as
a virtue in view of the difficulty to define consistent couplings of fields of spin larger than two.
However, the CS “trick” seems to allow for higher spins as well, and might be the underlying
structure of the recent developments in higher spin field theories [67].
For completeness one should also mention that the CS construction can also be extended to
some cases where the spin 3/2 field is replaced by a combination of a spin 1/2 and the vielbein,
producing a locally supersymmetric theory without gravitini [68].
6.3 Relation between CS and standard SUGRAs
One obvious question that one can ask is whether the CS supergravities can be related to the
standard SUGRAs: is one a particular sector or a truncation of the other? An indication of
this possibility comes from the fact that the Poincare´ algebra, that presumably underlies the
nearly flat limit of AdS gravity, could be obtained in the Λ→ 0 limit of the AdS algebra. This
Ino¨nu¨-Wigner contraction [29] is a particular case of a more general method to obtain non-
semisimple Lie algebras from simple or semisimple ones, that go by the names of contractions
and expansions first discussed in a physical context in [69] and further developed in [70](see,
[71] for a detailed review of the method).
The general pattern to relate the Lagrangian of a standard SUGRA in D dimensions to
the CS supergravity for the super-AdSD algebra is far from straightforward [72]. A remarkable
proof of the nontrivial character of this relation is provided by the recent elucidation in [73]
of the nontrivial truncation that is needed to obtain the standard 11-dimensional supergravity
of Cremmer, Julia and Scherk [43] from the CS Lagrangian for osp(1—32), the simplest CS
supergravity in 11-dimensions of [65]. The expansion method was further exploited in [74] to
relate different CS supergravities in 2+1 dimensions, where the the nontrivial nature of those
relations, even in this seemingly simpler setting, is explicitly shown.
7 Summary
The relevance of gauge symmetry in physics cannot be overemphasized. One of the great achieve-
ments of physics in the last century was to establish that all interactions in nature are based on
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gauge invariance. The fact that nature possesses this fundamental symmetry explains the bind-
ing forces in the atomic nucleus, the functioning of stars, the chemistry that supports life, and
the geometry of the universe. This unifying principle is comparable to the invention of mechanics
in the XVII century, or electrodynamics and statistical mechanics of the XIX century.
It is a remarkable feature rooted in the equivalence principle, that gravity is a gauge theory
for the Lorentz group. The spacetime geometry can be described by two independent notions,
metricity and affinity, each one described by a fundamental field that transforms under the
local symmetry in a definite representation. It is an even more remarkable feature, that in odd
dimensions these two fundamental objects can combine to become a connection for an enlarged
gauge symmetry, the (anti-) de Sitter or the Poincare´ groups. The resulting theory is described
by a CS form that has no arbitrary free parameters, no dimensionful couplings, and whose gauge
invariance is independent of the spacetime geometry.
None of this seems random. One cannot help feeling that something profound and beautiful
lies in these structures. Whether the CS theories of gravity, or their more ambitious supersym-
metric extensions turn out to be the way to understand the connection between gravitation and
quantum mechanics, remains to be seen. However, the fact that CS forms are singled out in
gravity, the fact that they play such an important role in the couplings between gauge fields
and sources, their deep relation with quantum mechanics, strongly suggests that there is some
meaning to it. This doesn’t look like a contingent result of natural chaos.
Ivar Ekeland reflects on the sense of nature as is revealed to us: But is contingency complete
or is there room for meaning? Must we be content to merely note the facts, or should we look
for reasons? De events follow one another randomly, or does the world function according to
certain rules that we can reveal and make use of? We often don’t like the way things are, and
some people go so far as to give their lives to change them; the quest for meaning must therefore
be part of human existence [75].
We may not go as far as to give our lives to convince anyone of the virtues of Chern-Simons
theories. But CS forms surely make our quest for meaning a more aesthetic endeavour.
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Appendix A. First order fields
A.1 The vielbein
Spacetime is a smooth D-dimensional manifold M , of Lorentzian signature (−1, 1, 1, · · · , 1). At
every point on x ∈M there is a D-dimensional tangent space Tx, which is a good approximation
of the manifold M in the neighbourhood of x. This tangent space is the reference frame of a
freely falling observer mentioned in the Equivalence Principle. The fact that the measurements
carried out in any reference frame in spacetime can be translated to those in a freely falling
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frame, means that there is an isomorphism between tensors on M by tensors on Tx, represented
by means of a linear mapping, also called “soldering form” or “vielbein”. It is sufficient to define
this mapping on a complete set of vectors such as the coordinate separation dxµ between two
infinitesimally close points on M . The corresponding separation in Tx is defined to be
dza = eaµ(x)dx
µ, (99)
where za represent an orthonormal coordinate basis in the tangent space. For this reason the
vielbein is also viewed as a local orthonormal frame. Since Tx is a standard Minkowski space, it
has a natural metric, ηab, which defines a metric on M through the isomorphism e
a
µ. In fact,
ds2 = ηabdz
adzb
= ηab e
a
µ(x)dx
µ ebν(x)dx
ν
= gµν(x)dx
µdxν , (100)
where
ηab e
a
µ(x) e
b
ν(x) ≡ gµν(x) , (101)
is the metric on M , induced by the vielbein eaµ(x) and the tangent space metric ηab.
This relation can be read as to mean that the vielbein is in this sense the square root of the
metric. Given eaµ(x) one can find the metric and therefore, all the metric properties of spacetime
are contained in the vielbein. The converse, however, is not true: given the metric, there exist
infinitely many choices of vielbein that reproduce the same metric.
The definition (99) makes sense only if the vielbein eaµ(x) transforms as a covariant vector
under diffeomorphisms on M and as a contravariant vector under local Lorentz rotations of Tx,
SO(D − 1, 1), as
eaµ(x) −→ e′aµ (x) = Λab (x)ebµ(x), (102)
where the matrix Λ(x) leaves the metric in the tangent space unchanged,
Λac (x)Λ
b
d(x)ηab = ηcd, (103)
then the metric gµν(x) is clearly unchanged. The matrices that satisfy (103) form the Lorentz
group SO(D − 1, 1). This means, in particular, that there are many more components in eaµ
than in gµν . In fact, the vielbein has D
2 independent components, whereas the metric has only
D(D + 1)/2. The mismatch is exactly D(D − 1)/2, the number of independent rotations in D
dimensions.
Every tangent space at one point of the manifold is a Minkowski space identical to all others,
each one invariant under the action of the Lorentz group. This endows the spacetime manifold
with a fibre bundle structure, the tangent bundle, where the basis is the spacetime and the fibres
are the tangent spaces on which the Lorentz group acts locally. This can also be regarded as a
collection of vector spaces parametrized by the manifold, {Tx, x ∈M}. Either way, the essential
point is that the manifold M , labelled by the coordinates xµ is the spacetime where we live, and
the collection of tangent spaces over it is where the symmetry group acts.
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A.2 The Lorentz Connection12
In order to define a derivative on the manifold, a connection is required so that the differential
structure remains invariant under local Lorentz transformations Λ(x), even if they act indepen-
dently at each spacetime point. This is achieved by introducing the Lorentz connection, ωabµ,
which is defined so that if φa(x) is a field in a vector representation of the Lorentz group, its
covariant derivative,
Dµφ
a(x) = ∂µφ
a(x) + ωabµ(x)φ
b(x), (104)
also transforms like a Lorentz vector at x, provided ω transforms as a connection,
ωabµ(x) −→ ω′abµ(x) = Λac (x)Λdb (x)ωcdµ(x) + Λac (x)∂µΛcb(x). (105)
The connection ωabµ(x) defines the parallel transport of Lorentz tensors between tangent
spaces at nearby points, Tx → Tx+dx. If φa(x) is a vector field, its parallel-transported from
x+ dx to x, is defined as
φa||(x) ≡ φa(x+ dx) + dxµωabµ(x)φb(x) (106)
= φa(x) + dxµ[∂µφ
a(x) + ωabµ(x)φ
b(x)].
Consequently, the covariant derivative measures the change in a tensor produced by parallel
transport between neighbouring points,
dxµDµφ
a(x) = φa||(x)− φa(x) (107)
= dxµ[∂µφ
a + ωabµ(x)φ
b(x)].
This notion of parallelism is analogous to the one defined for vectors whose components are
referred to a coordinate basis,
ϕµ||(x) = ϕ
µ(x) + dxλ[∂λϕ
µ(x) + Γµλρ(x)ϕ
ρ(x)]. (108)
These two definitions are independent as they refer to objects on different spaces, but they could
be related using the soldering eaµ, between the base manifold and the tangent space.
The group SO(D−1, 1) has two invariant tensors, the Minkowski metric, ηab, and the totally
antisymmetric Levi-Civitta tensor, ǫa1a2···aD . Because they are the same in every tangent space,
they are constant (∂µηab = 0, ∂µǫa1a2···aD = 0) and since they are also invariant, they are
covariantly constant,
dηab = Dηab = 0, (109)
dǫa1a2···sD = Dǫa1a2···aD = 0. (110)
This implies that the Lorentz connection satisfies two identities,
ηacω
c
b = −ηbcωca, (111)
ǫb1a2···aDω
b1
a1 + ǫa1b2···aDω
b2
a2+ · · · +ǫa1a2···bDωbDaD = 0. (112)
12In physics, this is often called the spin connection. The word “spin” is due to the fact that it arises naturally
in the discussion of spinors, which carry a special representation of the group of rotations in the tangent space,
but that is irrelevant here. For a more extended discussion, there are several texts such as those of Refs.[2], [7],
[14] and [15]
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The requirement that the Lorentz connection be compatible with the metric structure of the
tangent space (111) restricts ωab to be antisymmetric, while the second relation (112) does not
impose further restrictions on the components of the Lorentz connection. Then, the number of
independent components of ωabµ is D
2(D − 1)/2, which is less than the number of independent
components of the Christoffel symbol (D2(D + 1)/2).
A.3 Curvature
The 1-form exterior derivative operator, dxµ∂µ∧ is such that acting on a p-form, αp, it yields
a (p+1)-form, dαp. One of the fundamental properties of exterior calculus is that the second
exterior derivative of a differential form vanishes identically,
d(dαp) =: d
2αp = 0. (113)
This is trivially so on continuously differentiable forms. A consequence of this is that the square
of the covariant derivative operator is not a differential operator, but an algebraic operator, the
curvature two-form. For instance, the second covariant derivative of a vector yields
D2φa = D[dφa + ωabφ
b] (114)
= d[dφa + ωabφ
b] + ωab[dφ
b + ωbcφ
c]
= [dωab + ω
a
c ∧ ωcb]φb.
The two-form within brackets in this last expression is a second rank Lorentz tensor (the cur-
vature two-form)
Rab = dω
a
b + ω
a
c ∧ ωcb. (115)
=
1
2
Rabµνdx
µ ∧ dxν
For a formal definition of this operator see, e.g., [14, 15]. The curvature two form defined
by (115) is a Lorentz tensor on the tangent space, and is related to the Riemann tensor, Rαβµν ,
through
Rab =
1
2
eaαe
b
βR
αβ
µνdx
µ ∧ dxν . (116)
This equivalence would not be true in a space with torsion, as we discuss in the next Appendix.
The fact that ωab(x) and the gauge potential in Yang-Mills theory, A
a
b = A
a
bµdx
µ, are both
1-forms and have similar properties is not an accident since they are both connections of a gauge
group13. Their transformation laws have the same form, and the curvature Rab is completely
analogous to the field strength in Yang-Mills, F = dA+A ∧A.
A.4 Torsion
The fact that the two independent geometrical ingredients, ω and e, play different roles is
underscored by their different transformation rules under the Lorentz group. In gauge theories
13In the precise language of mathematicians, ω is “a locally defined Lie-algebra valued 1-form on M , which is
also a connection in the principal SO(D − 1, 1)-bundle over M”, while A is “a Lie-algebra valued 1-form on M ,
which is also a connection in the vector bundle of some gauge group G”.
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this is reflected by the fact that vector fields play the role of matter, while the connection
represents the carrier of interactions.
Another important consequence of this asymmetry is the impossibility to construct a tensor
two-form solely out of ea and its exterior derivatives, in contrast with the curvature which is
uniquely defined by the connection. The only tensor obtained by differentiation of ea is its
covariant derivative, also known the Torsion 2-form,
T a = dea + ωab ∧ eb, (117)
which involves both the vielbein and the connection. In contrast with T a, the curvature Rab is
not a covariant derivative of anything and depends only on ω. In a manifold with torsion, one
can split the connection into a torsion-free part and the so-called contorsion, ω = ω¯ + κ, where
dea + ω¯ab ∧ eb ≡ 0, and T a = κab ∧ eb.
In this case, the curvature two-form reads
Rab = R¯
a
b + D¯κ
a
b, (118)
where R¯ab and D¯ are the curvature and the covariant derivative constructed out of the torsion-
free connection. It is the purely metric part of the curvature two-form, R¯ab, that relates to the
Riemann curvature through (116).
A.5 Bianchi identity
As we saw in A.3, taking the second covariant derivative of a vector amounts to multiplying by
the curvature 2-form. As a consequence of a this relation between covariant differentiation and
curvature, there exists an important property known as Bianchi identity,
DRab = dR
a
b + ω
a
c ∧Rcb − ωcb ∧Rac ≡ 0 . (119)
This is an identity and not a set of equations because it is satisfied for any well defined connection
1-form whatsoever, and it does not restrict in any way the form of the field ωabµ, which can be
checked explicitly by substituting (115) in the second term of (119). If conditions DRab = 0
were a set of equations instead, they would define a subset of connections that have a particular
form, corresponding to some class of geometries.
The Bianchi identity implies that the curvatureRab is “transparent” for the exterior covariant
derivative,
D(Rabφ
b) = Rab ∧Dφb, and DT a = Rab ∧ eb. (120)
An important direct consequence of this identity is that by taking successive exterior deriva-
tives of ea, ωab and T a one does not generate new independent Lorentz tensors, in particular,
DT a = Rab ∧ eb. (121)
The physical implication is that in the first order formulation, there is a very limited number of
possible Lagrangians that can be constructed out of these fields in any given dimension [16].
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